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Let k be a field of characteristic p and let c~~Aut~{k((t))}. For ma0 define 
i,=u,(up”t-t)-1.Weshowthatifi,=1andi,=1+bpwithO~b~p-1 then 
i, = 1 + bp + bp2 + . + bp” for all m > 1. :? 1992 Academic Press. Inc. 
Let k be a field of characteristic p and set K = k((t)). For IJ E Aut,(K) 
define 
crt-t i(fJ)=u, - ( ) f ’ 
and for m > 0 define 
Sen proved the following result, which can be considered a generalization 
of the Hasse-Arf Theorem to automorphisms of infinite order. 
THEOREM 1 [3, Theorem 11. Let m > 1 be such that i, -c co. Then 
i,-,-i, (mod@“). 
The goal of this paper is to determine upper bounds for the i, in certain 
cases where o has intinite order. These bounds arise from the study of the 
relation between the integers i, and the abelian extensions of K whose 
Galois groups have trivial a-action. Theorem 1 will be used extensively 
(and often without comment) throughout. Besides Theorem 1, the main 
tools that we use are class field theory and the theory of Artin-Schreier 
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extensions. The results in this paper could certainly be proved as 
applications of Wintenberger’s theory of the field of norms (see [6] and 
[S]). However, the elementary methods we use here allow us to study the 
relationship between the automorphisms and extensions of a field in a 
particularly simple context. 
Let K and cr be as above, and let L c Ksep be a Galois extension of K. 
Extend CJ arbitrarily to an automorphism I? of Ksep. Since L is Galois over 
K, the field CL = L” depends only on 0, and d induces an isomorphism 
Gal( L/K) + Gal( L-/K) 
which is determined up to conjugacy by 0. In the case where LfK is abelian 
this isomorphism is determined completely by u. Let K(a) denote the maxi- 
mal abelian extension L of K such that L” = L and the automorphism of 
Gal(L/K) induced by (T is the identity. 
In order to state our first theorem we let o E Aut,(K) and set i, = i(ap”) 
as before. Define integers a and b by 
i, -i, 
b=- 
P ’ 
where [*] denotes the greatest integer function. For any abelian group G 
we define the p-rank of G to be the F,-dimension of G/GP. 
THEOREM 2. Let k = Fd be a finite$eld and choose rr E Aut,(K). Assume 
p 1 i, and i, < (p* - p + 1) i,. Then the p-rank of G = Gal(K(a)/K) is at most 
f(a+b-1). 
Remarks. (i) When combined with Propositions 3 and 4 of [l J, 
Theorem 2 gives a simple proof of [ 1, Theorem 11 and [2, Theorem 3.31. 
Indeed, a proof of the case f = 1, i, = 1, i, = 1 + 2p is implicit in Cl]. 
(ii) The conclusion of the theorem does not hold if the inequality in 
the hypothesis is violated. In fact if & and i, are positive integers such that 
p 1 TO and I’, k ( p2 - p + 1) r,,, one can show by class field theory that there 
exists t E Aut,(K) such that i(t) = 2,,, i(r”) = 2,, and rp2 is the identity. 
Proof: Let X= Hom(G, Z/pZ) denote the group of continuous 
homomorphisms from G = Gal(K(a)/K) into Z/pZ. We will show that the 
order of X is less than or equal to pf’” + b- ‘I. For every x E X there exists 
c1 E K such that x is equal to the Artin-Schreier character $, associated to 
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the equation xp- x - o! = 0. Let 9x = xp -x; since x = *. is a-invariant, 
we have (a - 1 )a = Sp for some /? E K. For x E X define 
v(x) = inf{ -~~(a): eX = x>, 
and set X, = {x E X: v(x) 6 r}. Then X, is a subgroup of X. To prove the 
theorem it suffices to show the following: 
(i) X0 has order at most p. 
(ii) Xpi=Xpiel for j> 1. 
(iii) X,/X,-, has order at most p*- ‘. 
(iv) Xn=Xn-l if n > i, and m f i, (mod p). 
(V) X=Xi,-I. 
To prove the last three statements we need the following elementary 
lemma. Part (b) will be used in proving Theorem 7. 
LEMMA 3. Choose u E K” and T E Aut,(K) such that i(z) > 0. Then 
(a) u~((T - 1)cr) 2 i(T) + UK(a), with equality if and only ifp i uK(tl). 
(b) i(Tp)2pi(z), with equality ifand only ifpli(r). 
Proof. If c( = t” then (a) is obvious; the general case follows easily from 
this special case. By applying (a) repeatedly we find that 
uK((z - l)Pr) 2 1 + pi(r), 
with equality if and only if p 1 i(t). 1 
Now we can prove the claims made above. 
(i) Let 0K be the ring of integers of K. The claim follows easily from 
the fact that 9Y!& has index p in OK. 
(ii) Given CLE K” such that Us= -pj there exists /?gKx such 
that uK(a -S/I) > -pj. Therefore 1(/2 E Xpj~ 1. 
(iii) Choose C(E K such that uK(c() 2 -i, and (a - l)cr~gK. Using 
Lemma 3a we write 
(a-l)cc=a,+a,t+ ... 
with a, E k equal to zero if and only if Us > -iO. It follows that the map 
tl~ a,, induces an injection X,/X,_ 1 4 k. On the other hand, since 
(a - 1)~ E BK we must have a,, E Bk. Therefore the image of this map is 
contained in Bk, and hence the cardinality of X,/X,_ 1 is no greater than 
that of 9k. 
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(iv) Given c( with n = -~~(a) satisfying p j n and n > i0 we have 
U~((CT - 1)cr) = i,- n <O by Lemma 3a above. If $, is o-invariant then 
(0 - 1)~ E PK. It follows that p 1 i, - rz. 
(v) Choose a E K such that y5, is a-invariant and write (a - 1)~ = 
.69/I for /I E K. By applying (a - l)“- ’ to both sides of this equation we get 
(CP- l)cI=(g- l)“-‘P/? 
= s?Jya- l)“-ifi. 
Assume now that n = -v~(cI) satisfies n 3 iI, p 1 n. By Lemma 3a the 
K-valuation of the left side of the equation above is i, -n < 0. To compute 
the K-valuation of the right side we note that u&I) = (iO-n)/p. Therefore 
Lemma 3a and the hypothesis ii < (p’ - p + 1) i, imply that 
UK((O-l)P-lj?)>(p-l)iO+iO 
P 
i, -n 
>- 
P . 
It follows that u,(P(a - l)p- ‘8) > i, -n, a contradiction. This completes 
the proof. 1 
We wish to apply Theorem 2 to get lower bounds for the integers i,. We 
assume for now that k = FP/ so that we may use class field theory. Given 
an abelian extension L/K, local class field theory provides a continuous 
homomorphism w,,,: K x + Gal(L/K) with dense image. The maps w,,, 
are functorial. In particular, let c E Aut(K) and define (T*: Gal(L/K) + 
Gal(oL/K) to be the isomorphism of Galois groups induced by g. Then 
g* owLIK= w,,/,o 0 [4, p. 1781. If aL = L then Gal(L/K) has trivial 
o-action if and only if w,,,(acc) = o L,K( CI) for all tl E K )(. Therefore we have 
the following: 
PROPOSITION 4. {gala: a E K x } is a dense subgroup of the kernel of 
WK(,)/K. 
The group G = Gal(K(a)/K) has a filtration by the ramification sub- 
groups G” (n 2 -l), defined as follows. Let oG = o,(,),, be the class field 
theory map. For n > 0 we define subgroups of U, = 0: by 
U%= {xG U,: uK(x- l)an}. 
We then set G-‘=G and G”=o,(U”,) for n>O. 
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Let 0 < r 6 s < pr so that U’,/U”,r (Z/pZ).f(S-‘J is killed by p. Then wG 
induces a surjective map 
and hence G’/G” is killed by p. On the other hand, when Theorem 2 
applies, the p-rank of G is at most f(a + b - 1). Since CTM/U E U, for all 
CIEKX, class field theory implies that G-i/G’= Gal(k/lk) g 2. It follows 
that the p-rank of Go is at most f(a + b - 1) - 1, and hence that the order 
of Gr/Gs is at most p/“‘+*-- ‘I-- ‘. P roposition 6 below will allow us to deter- 
mine the order of G’/G” in terms of the i,. These formulas combined with 
the bound on the order of G’/G” will give us bounds for the i,. 
The first step is to prove the following lemma, which will allow us to 
determine the order of G”/G”+ ‘. 
LEMMA 5. Assume i(o) > 0. 
(a) Let XE U>\U>+’ with n = p + i(a”) for some p > 0. Then there 
exists ye U, such that oyyly-x(mod (t”“)). 
(b) Let n = i(o”) for some p > 0. Then there exists ye K” such that 
uy/y E y&u;+ I. The subgroup of UgjU”,” generated by elements of the 
form ayJy has order p. 
(c) If n is not of the form i(a”) or p + i(a”) for any p > 0 then there 
does not exist y E K” such that ~~(oyyly - 1) = n. 
Prooj For p > 0 define 
x,=t.gt. ,.. .a”-‘t. 
One easily checks that rK(crx,, -xy) =p + i(a”) [3, Lemma 11. Given 
[E k x, there exists a k-multiple XI of xfl such that 
ax;-x;=jp+i(~p)+ . . . . 
Set tl,= 1 +xh; then 
ZKP- - 1 +it P+w)+ . . . . 
UP 
This proves (a). 
The first statement in (b) follows from the formula u,(Qx,/x, - 1) = 
i(a”). Every y E K” can be written in the form 
y=(X,e)gy fj ap 
p=l 
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with pj g, yEkX, and CI, as above. Then 
Therefore to prove (c) and the second part of (b) it suffices to show that 
the integers of the form p + i(o”) and i(a”‘) (,u > 0, e 2 0) are distinct, This 
is an easy consequence of Sen’s congruence (Theorem 1); for a proof see 
[3, Lemma 31. 1 
We now determine G”/G”+ ‘. 
PROPOSITION 6. Assume k = F,/ is finite, i, = i(a) > 0, and n > 0. Then 
G”/G” + ’ s (Z/pZ)’ $0 <n < i, 
E (Z/pZ)f if i, -c n < i, + 1 andn-i,(modp’+‘) 
s (Z/pZ)f -’ ifn=i,forsomee>O 
E (0) otherwise. 
Proof: By Proposition 4 and the preceding lemma this is equivalent to 
showing that we can write n = p + i(a”) with p > 0 unless n < i, or 
i,<n<i,+, 
nri,(modp’+‘) 
for some e>O. If these conditions hold for n then given ,u = p”g with d<e 
and p j g we have 
p + i(o”) = p”g + id 
= p”g + i,(mod pd+ ‘) 
f i, (mod pd+‘) 
by Sen’s congruence. Therefore 
p + i(H) f i, (mod pe+‘) 
p + i(a”) #n. 
Conversely, if 
n = p + i(0”) 
= p”g + id 
then nfid(modpd+‘) so nfi,(modp’+‘)for anyead. 1 
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We now present our main result. Given CE Aut,(K) we define a and h 
as before: 
i, - i, b=- 
P . 
THEOREM 7. Let (T E Aut,(K) with p j i,, and assume that 
a+b-p-l 
P-l 
p2<i,<(p2-p+l)i,. 
Then for all m > 0 we have 
i,--i,-, 
Pm 
da+b-1. 
Remarks. (i) In certain cases this theorem and Lemma 3b can be used 
to compute the i, exactly. Let i, = 1 and i, = 1 + bp with b < p - 1. 
Theorem 7 gives (i, - i,+ I)/p” < b, while Lemma 3b implies that 
for m > 2. This last inequality can be written 
i,-i,-, 
Pm 
>b-(bp-$+ ‘) 
>b-1, 
and hence we get 
i,-i,-, 
Pm 
=b 
i, = 1 + bp + bp2 + . . + bp”. 
(ii) If p 1 i, then by Lemma 3b we have i, = p”i, for m 2 0. 
Proof We will prove the theorem in the case where k = F,J is finite. 
The general case follows easily from the special cases f = 1,2, . . . . Choose 
ma2 and set r=i,,-,+p” and s=i,,-,+(a+b-l)p”+l. We claim 
that pr > s. This is equivalent to 
i,-,> 
a+b-p-l 
D-1 pm9 
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which is assumed to hold for m = 2. Lemma 3b says that i,+ ,a pi, forj 2 0, 
which implies the claim. 
It follows that G’/G” is killed by p. If 
i,--i,-, 
Pm 
>a+b-1 
then s < i, and hence Proposition 6 implies that G’/G” has order at least 
~f’~+~- l). Since G’/G” is killed by p, this says that the p-rank of Go is at 
least f(a + b - 1 ), and hence that the p-rank of G is at least f(a + b - 1) + 1. 
This violates Theorem 2, so the inequality in the theorem must hold. 1 
As an example we consider the generic automorphism 
at=t+a,t2+a2t3+ ... 
with i(a) > 0. For p = 3 we have 
dt = t + uf(uf - u2) t5 + . . . . 
According to the first remark following Theorem 7, if a, #O and 
uT(u: - u2) # 0 then the coefficient of t14 in rF’t should be non-zero as well. 
In fact, 
2t = t + u&z: - u*)4t’4 + . . . , 
which verifies Theorem 7 in this case. (The calculations above were 
performed using the computer program MACSYMA.) 
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